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Precision measurement with an optical Josephson junction 
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We study a new type of Josephson device, the so-called "optical Josephson junction" as proposed in 
Phys. Rev. Lett. 95, 170402 (2005). Two condensates are optically coupled through a waveguide by 
a pair of Bragg beams. This optical Josephson junction is analogous to the usual Josephson junction 
of two condensates weakly coupled via tunneling. We discuss the use of this optical Josephson 
junction, for making precision measurements. 

PACS numbers: 03.75.Lm, 03.75.Gg, 03.75.-b 



I. INTRODUCTION 

Atom optics has obtained an unprecedented devel- 
opment since the advent of Bose-Einstein condensates 
(BEC's) of dilute alkali atomic gases pj]. For instance, 
the applications of atom optics have been realized such 
as atom laser, solition generation [2| and matter wave in- 
terferometry [3]. Besides, many new techniques of manip- 
ulating the cold atoms have been devised such as Bragg 
scattering j^] and magnetic waveguide 0], etc. These 
sophisticated techniques may lead_to reaching the goal 
in higher precision measurement [6] and applications in 
quantum information processing |7j| . 

Recently, Saba et. al [1] and Shin et. al @ have demon- 
strated that the Josephson effect by using the technique 
of atom optics, Bragg scattering. Two beams of atoms 
are optically extracted from two separate trapped Bose- 
Einstein condensates (BEC's) using Bragg scattering 
Then, these two beams of atoms overlap and interfere 
with each other and the measurement process creates a 
relative phase between the two BEC's. They showed that 
the Josephson coupling of these two spatially separate 
systems can be made through an intermediate coupling 
system. It is quite different to the conventional Joseph- 
son devices, such as superconducting systems [13], and 
Bose-Einstein condensates HtI], in which the two quan- 
tum systems are spatially connected to each other and 
the wavef unction of them have small overlap. 

In this paper, we investigate that the two trapped con- 
densates are connected by outcoupling a small fraction 
of condensates via the Bragg scattering [j| and those 
outcouplingatoms are transported through a magnetic 
waveguide to replenish the trapped condensates 0. 
We show that this system is equivalent to the usual 
Hamiltonian describing the Josephson effect of BEC's 
trapped in a double-well potential. The strength of the 
Josephson coupling can be explicitly controlled by vary- 
ing the outcoupling rate of atoms using the Bragg beams 
whereas the coupling phase between these two conden- 
sates can be tuned by adjusting the phase shifts of the 
outcoupled atoms Moreover, the spontaneous scat- 
tering due to the Bragg beams is negligible by virtue of 
the large detuning of the pulses. This "optical Joseph- 



son junction" could be used, for example, to implement 
the precision scheme proposed by Dunningham and Bur- 
nett [6j] in which they consider the precision measurement 
using an entangled BEC's trapped in a double- well po- 
tential. 

We now study the implementation of the precision 
measurement scheme being suggested by Dunningham 
et al. 0, which can measure the nonlinear interaction 
strength and gravity, using this "optical Josephson junc- 
tion" . According to this proposal, the measurement of 
phase can be done by appropriately turning on and off 
the Josephson coupling. Then, the final phase informa- 
tion is encoded in the number fluctuation that can be de- 
tected from the collapse and revival of the relative phase 
between the condensates. This scheme provides a simple 
way to measure phase with Heisenberg limited accuracy, 
i.e., the phase uncertainty scales as where N is the 
number of atoms. 




FIG. 1: The schematic of the optical coupling of two trapped 
condensates 1 and 2, and the outcoupling atoms are trans- 
ferred via a waveguide in the ring form. The pair of Bragg 
beams with frequencies uj and uo — u are denoted by dash-dot 
line and dash line respectively. 

The paper is organized as follows: In Sec. II, we in- 
troduce the model of this "optical Josephson junction" . 
In Sec. Ill, we derive an effective Hamiltonian under the 
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two-mode approximation of two trapped EEC's. In Sec. 
IV, we study the implementation of Dunningham et al. 
scheme in this system. We briefly review the mechanism 
of the Bragg scattering in appendix A. 



II. BASIC MODEL 

We consider two trapped condensates connected to 
a ID ring-form waveguide using the M-th order Bragg 
scattering [1, Q as shown in Fig 1. In fact, this Bragg 
scattering is a 2M-th order multi-photon Raman process 
0) ■ The stimulated emission and stimulated absorp- 
tion are made by using the two Bragg beams being acted 
as a pump and probe field with counter-propagation and 
slightly frequency difference, i.e., lu = and uj — v. The 
wavelength and wave number of the Bragg beam with 
frequency co are A and k = 2-k/\ respectively. 

This pair of Bragg beams give out a certain amount 
of momentum to the two trapped BEC's 1 and 2 respec- 
tively. Then, a small amount of BEC's are outcoupled 
from these two trapped BEC's with definite momenta 
hki and hk2 at the Af-th order Raman process. With- 
out loss of generality, we assume the two momenta fci 
and ^2 with the equal magnitude but opposite sign, for 
li^k\ 2/2^1 = Adhv and m is the mass of an atom. These 
outcoupling condensates are then transported via the 
waveguide to the other trapped BEC. This conservation 
of total number of particles may enable us to overcome 
the limitation of the coupling time in the experiments 

Q in which the atoms were linearly coupled out and 
not transferred back to the system . But now the cou- 
pling process can be continued if the number of atoms 
are conserved in the system. 

We discuss the Hamiltonian of this system and de- 
rive an effective two-state Hamiltonian to describe the 
Josephson effect. The Hamiltonian of the total system 
has the form 



H — Hq + -ffiing + -ff couple, 



(1) 



where Hq, iJring and -ffcoupic are the Hamiltonians of; 
BEC's 1 and 2, the outcoupled atoms in the ID ring, 
and the coupling between the trapped atoms and the ring 
respectively. The Hamiltonian for the trapped atoms has 
the form and can be expressed in terms of the arc length, 
s = r(j) for r is the radius of the ring and </) is the polar 
angle of the ring. 



Hq - Y.J'^'\^Y') 



2m ds^ 



-|^*](.)vl/t(,)vp^.(,)vl/^.(,)l 



(2) 



where ^ j{s) and Vj{s) are the field operator and trap- 
ping potential respectively for condensate j, Uq is the 
interaction strength and j = 1,2. 



We consider that the two condensates are held in two 
different traps that are sufficiently deep, and hence the 
single- mode approximation can be applied [ll|. This al- 
lows us to describe the trapped condensates as the local 
ground state of the trap. The field operator j{s) can 
then be approximated by Cj'ipj{s), where Cj and ipjis) are 
the annihilation operators and the mode function of the 
potential of the j-th trap and j = 1,2. If we take the 
system to be symmetric so that ^'i(s) has the same form 
as ^"2(5), the Hamiltonian Hq can be written as 



^^0 



Eo{c\c, + 4c2) + —[{clcif + (4c2)% (3) 



where 
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2m ds^ 
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is the eigenenergy of the two modes and 



n = Uq (b ds\rAs)i^3{s)\' 



^.(s), (4) 



(5) 



is the self-interaction strength. 

The free condensates can be outcoupled from the 
trapped condensate using the Bragg scattering We 
briefly review its mechanism in the appendix A. The 
nearly perfect efficiency of the first order Bragg resonance 
has been observed experimentally Q. However, the ef- 
ficiency of the high order Bragg scattering is decreased 
significantly Q. The Hamiltonian representing the ef- 
fective coupling between the trapped atoms and the free 
condensate is written, thus. 



ffcoupie = 7^rfs[4'}(s)^'i(s)-fe-"^'='-4'}(s)*2(s)]+H.c., 

(6) 

where 7 is the outcoupling amplitude between two 
trapped BEC's and free outcoupling condensates [l3[, 
Sk — ki + k2 ~ 4:k [§] respectively. Here, we can consider 
the coupling between the trapped condensates and the 
free condensates with momenta ki^2- Moreover, we con- 
sider the replenishment process in which the free conden- 
sates are deaccelerated by the Bragg beams and merge 
into the trapped condensates [l3|. We assume that the 
excitation in this replenishing process is negligible. On 
the other hand, the relative phase shift nSkr is gener- 
ated during the flight between the two condensates. The 
phase shift 5k directly depends on the Bragg beams and 
the momenta ki^2 which can be adjusted in the experi- 
ment 0. 

The Hamiltonian of the ID ring has the corresponding 
form: 



H,i 



ds 



Uq 



(7) 



3 



where ^ f{s) is the field operator of the condensate in this 
ring-form waveguide transported by a waveguide. We ap- 
proximate these unconfined in the angular direction, but 
confined radially and weakly interacting condensate as 
the freely propagating non-interacting condensates. We 
can justify this approximation by considering the magni- 
tude of the kinetic energy and the strength of the nonlin- 
ear interaction. The kinetic energy hiukj of the outcou- 
pled condensates by the Bragg beams is with Wfc^^lO^ 
kHz whereas the nonlinear interaction of this nearly 
free condensates noUo/h is about 1 kHz [l^. Here no 
is density of the outcoupled condensate which must sat- 
isfy ngOs^l and is the scattering length of the atom. 
From the above estimation, we can argue that this weakly 
interacting outcoupled condensates as free condensates. 

The condensates in the ring are composed of two free 
condensates outcoupled from the two trapped conden- 
sates as 

^f{s) = (27rr)-i/2(e''=^^5fc,+e*'==«g,J, (8) 

where 27rr is the circumference of the loop, ki^2 should 
satisfy the boundary condition ki^2'r — oth and a is an 
integer. Then, the Hamiltonian of the ring can be written 
as 

2 

^^ring = '^fujk.gi^gk,, (9) 
where tok^ = hkf/2m. 

III. EFFECTIVE HAMILTONIAN 

We now derive an effective Hamiltonian to describe the 
Josephson effect between two trapped EEC's. The free 
propagating condensates act as immediate states to cou- 
ple the two trapped condensates. The coupling Hamilto- 
nian is given by 

2 

ifcoupic = hY,i{kj){c\ + e'>c\)gu^ -f H.c, (10) 

where i{k^j) = 7(27rr)-i/2 ^ dse"*'=^''Vj(s), j = 1,2 
and 6 = nSkr. We assume that the two coupling 
strengths 'y'{kj) are similar by letting f dse~^^^''i}i{s) « 
§ dse~^^'^'^ij)2(s). The Heisenberg equation of motion of 
5fe, is 

igk, = t^fc,5fc, +7'(fcj)(ci +e^'^C2). (11) 

We use the adiabatic approximation, i.e., gkj~^ as the 
condition w^j'^W {kj)\ is satisfied: 

g,^ « (12) 

We can see that it is true if we can assure that 7 is much 
less than ^ . Physically speaking, the validity of this 



adiabatic approximation assumes that the transition time 
between these intermediate states and the two trapped 
states is short enough. Moreover, it is noted that the 
whole 2A/-th order Raman process requires a finite time 
duration with the interaction of laser to be completed. 
This time duration must be short compared to the time 
of the Josephson coupling. 

The resulting effective two-state Hamiltonian can thus 
be written as 

~^{e-">c\c2 + e^'>clc,), (13) 

where g = 2 Y^^=i 7'^ i^j ) / "-^fej ■ 1^ is noteworthy that this 
effective two-mode Hamiltonian is akin to the Josephson 
Hamiltonian of the external 15] and the internal |l^ 
BEC systems. This optical Josephson coupling can then 
yield the Josephson effect of two condensates. Likewise, 
this Josephson coupling can be controlled by the strength 
of the Bragg beam to vary g whereas the phase of Joseph- 
son coupling can be adjusted by the phase shift 9 that 
can be done by changing k and the arc length between 
the BEC's. Indeed, this feature is very useful to the ap- 
plication of this Josephson junction. 

It is convenient to write the effective Hamiltonian in 
terms of the angular momentum operators as 

Jx = ^{c\c2 + clci), (14) 

Jy = Yi^c\c2- 4ci), (15) 

Jz = ^(4^2 - clci), (16) 

where the total atom numbers N = C2C2 + c\ci is con- 
served. Then, the Hamiltonian is written as 

Hctf = hn j'^ + hg {cos 9 Jx+sin9Jy) + C, (17) 

where C = {Eq- hg/2)N + kN"^ /A. This constant C does 
not affect the quantum dynamics of the system. There- 
fore, we will ignore it in the subsequent discussion. 

IV. IMPLEMENTATION OF PRECISION 
MEASUREMENT 

In this section, we discuss the implementation of pre- 
cision measurement on the optical Josephson junction. 
Dunningham and Burnett proposed a precision measure- 
ment scheme using a number-squeezed BEC trapped in a 
double- well potential 6] . This scheme requires the active 
control of the Josephson coupling. The phase informa- 
tion can be finally obtained by measuring the number 
fluctuations which can be detected via the visibility of 
the interference fringes of the two condensates. However, 
there are some limitations of the BEC double- well system 
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with respect to the dynamical control of the Josephson 
coupling. The Josephson coupling strength exponentially 
depends on the height of potential barrier between the 
two wells. The potential barrier has to be tuned very 
accurately in order to vary the coupling. 

Besides, when the Josephson coupling is large, there 
needs to be a large spatial overlap between the two local- 
ized wave functions in two wells. In this case, the usual 
two-mode approximation is no longer valid. This prob- 
lem can now be avoided in the optical Josephson junc- 
tion system due to the large separation between the two 
trapped condensates. Since the optical Josephson junc- 
tion is a well-controlled system, it is a promising model 
to implement this scheme. 

We proceed to describe how to realize the protocol of 
the scheme proposed by Dunningham et ai. If we choose 
the phase shift 9 — ir, the effective Hamiltonian has the 
form, 



(18) 



We first prepare the initial state as a number-squeezed 
state |A^/2)i|A^/2)2 which contains a definite number of 
atoms trapped in two wells respectively. This can be pre- 
pared by adiabatically switching off the Josephson cou- 
pling strength so that the condensates are isolated in two 
different traps in the Fock regime, i.e., g <C kN [l7l |. 

We can use this system to measure a relative phase 
between the condensates as follows. A large Josephson 
coupling is turned on rapidly with the strength g 3> nN 



by using Bragg pulses with g = g* ■ It is convenient to 
write the state in the new eigenbasis, i.e., the symmetric 
mode a — [ci + C2)/\/2 and antisymmetric mode /? = 
(ci — C2)/V2 with respect to two traps. The quantum 
state is in this new basis, has the form [a| 



I*) 



N/2 



l)"C™|2m)„|iV-2m)^, (19) 



where = {2m)\{N - 2m)\/2^ /^m\{N /2 - m)!. It 
is worth noting that this superposition of states is ro- 
bust against the particle loss [l^. In this regime, there 
is a small energy difference, g* , between the symmetric 
and antisymmetric modes, different phases result for the 
terms in the superposition. Then, the system is held for 
a certain time t ^ t* to allow the natural evolution of the 
system. 

Next, the Josephson coupling is suddenly switched off 
fast enough with respect to coupling between wells, but 
slow with respect to energy level spacing in each well. 
Thus, the state is conveniently expressed in terms of the 
number basis in each well. The quantum state becomes 



1 ^ 

I*) = 2^/2(Ar/2). E(-l)"^"l")il^-»)^- (20) 



where 



Dn= £ (T) ( ^ ^n\{N -n)\{^s\n<t>r {2co,4>T-^^ (21) 



p=max{0,n-Ar/2} 



for p* = N/2 — n + 2p and (f) = hg*t* . This completes 
the measurement of the phase (j) which is recorded in the 
quantum state now. The information of this phase (p 
can be obtained from the number uncertainty An, where 
n — c\ci — N — clc2 is the number of atoms in the trap 
1 (or 2). From Eq. ((20|). the number uncertainty can be 
calculated as Q 

N 

An = ^sin0. (22) 

This number uncertainty is of order N. According to the 
number-phase uncertainty relation AnAcf) ~ 1, we can 
see that the uncertainty of the phase 0, for the mini- 
mum uncertainty state, is of order N~^, i.e., Heisenberg 
limited. 

This number variance can be experimentally deter- 
mined from the interference pattern. Bragg scattering 
provides a non-destructive method to determine the rel- 



ative phase. A small fraction of condensates are cou- 
pled out horizontally from these two condensates and al- 
lowed to interfere with each other. The relative phase 
between the two trapped condensates can be determined 
from the interference patten of these two outcoupled 
condensates [l^ The interference pattern of the 

fringes between the two outcoupled condensates [2l| . 
I = J dx[^''j^{x)^ f2ix) + '^'^f^{x)'^ fi{x)], is directly pro- 
portional to the interference terms of two trapped con- 
densates, where and 5'/2 are the field operator of 
two outcoupled condensates from the j-th trap, and x is 
coordinate in the horizontal direction. Following the sim- 
ilar treatment to the previous section and taking 9 — n, 
the intensity of the interference fringes, /, of these two 
outcoupled condensates can be obtained as [2l[ 

1= {tp{T)\c[C2+c!^Ci\lp{T)), (23) 
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where t is the time of holding the system with the non- 
linear interaction of the atoms. This state vector is given 

I 



Thus, the intensity, /, is proportional to 
/(r) oc J2 K+iDnVin + l)(iV - ^yn.i2n+i-N)r 

n 

+D:^_,DnVn{N ~n+ i)e»'^-(^-2n+i)-. (25) 

The collapse times tcoU can be estimated by considering 
the particle numbers in the range, n = N/2 ± An/2. 
Hence, the collapse times of the relative phase icoU is 
about TT/2hKAn 1^, HSl- This collapse time can be de- 
termined by holding the system with the nonlinear in- 
teraction as a function of time r and measure the corre- 
sponding intensity / with different r's. Therefore, we can 
determine the number fluctuation and hence the required 
phase information. 

From an experimental point of view, the collapse time 
is very short and so the damping and decoherence ef- 
fects may be minimized. Hence, the number variance 
may be able to be measured accurately by this method. 
Although the revival time can reveal the phase informa- 
tion, it takes a much longer time to observe. Bear in 
mind that the measurement of collapse and revival time 
of a Bose-Einstein condensate has been demonstrated in 
the experiment [23 |. 

V. DISCUSSION 

It is noted that the low efficiency of the higher order 
Bragg scattering may limit the effective coupling of the 
two coupled EEC's. Nevertheless, we can still justify 
the validity of this optical based Josephson junction as 
discussed above. On the other hand, it is very interesting 
to compare this optical based Josephson junction to the 
solid-state counterpart. 

In summary, we theoretically study the microscopic 
model of the "optical Josephson junction" and derive the 
effective Hamiltonian of this device. We have discussed 
how this system can be used to implement Hesienberg 
limited precision measurement. This measurement can 
be made by detecting the collapse time non-destructively. 
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APPENDIX A: BRAGG SCATTERING 

In this appendix, the basic mechanism of the conden- 
sates using the Bragg scattering is briefly reviewed. The 
pump-probe mechanism has been discussed in detail in 
the reference (l^ . The pump and probe fields impart 
a momentum 2k to the ground state of the condensates 
each time by coupling to the excited state with a large 
detuning A = a) — a; between the two-level atoms with 
the energy difference hui and the laser field. To elucidate 
this process, we study the first order Bragg resonance 
case by considering a time-independent Hamiltonian in 
the interaction picture and assume the zero ground state 
energy for go which is given by 

Hist = hAie\ek + h{Ai - A2)g\f,g2k + hVL{gleu + e\ga) 

+h^'{gl,^ek + ekglk), (Al) 

where e„fc and gnk are the annihilation operators for the 
excited and ground states with the momentum nfc, and 
Q,' are the coupling strength of the pump field and the 
probe field of this pair of Bragg beams; and Ai = A + ojk 
and A2 = A + LOk — L02k + v are the detuning between the 
ground and the excited states with the different momenta 
and the Bragg beams, for utnk — h{nk)'^ /2m. 

The equations of motion for the different momentum 
states are given by: 

igo = riefc, (A2) 
iek = AiCfc -I- flgo + fl'g2k, (A3) 
ig2k = (Al - A2)52fe + ^'e2k- (A4) 

At the Bragg resonance, the detuning Ai — A2 — 'iuik — v 
equals zero at = Aujk- The excited state can be 
adiabatically eliminated as Ai 3> ri,0', i.e., 

efc = -^{ngn + n'g2k). (A5) 
^1 

Therefore, the equations of motion for these two ground 
states with different moment have the form: 

igo = -^{n''go + nn'g2k). (A6) 

ig2k = -^{VLil'go^n'^g2k)- (A7) 



N 



2^/2 (7V/2)! 
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Clearly, we can see that these two momentum states 
are effectively coupled with each other at the first order 
Bragg resonance. 

In general, we can consider the A/-th order Bragg scat- 
tering which is a 2A/-th multi-photon Raman process. 
Within this process, the different momentum modes are 
virtually excited but they can be adiabatically eliminated 
because of energy conservation being unfavourable. It 
is legitimate to consider the effective coupling between 
the trapped condensates and the free momentum states 



hujk-i 2 = the Bragg resonance only in which the 

energy is conserved. The explicit form of the effective 
couphng between the trapped and free states, 7, has been 
found as uM: 



M 



The detailed analysis can be referred to the reference [1 
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